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ADJOINT IDEALS AND A CORRESPONDENCE BETWEEN
LOG CANONICITY AND F -PURITY
SHUNSUKE TAKAGI
Dedicated to Professor Shihoko Ishii on the occasion of her sixtieth birthday.
Abstract. This paper presents three results on F -singularities. First, we give
a new proof of Eisenstein’s restriction theorem for adjoint ideal sheaves, using
the theory of F -singularities. Second, we show that a conjecture of Mustat¸a˘ and
Srinivas [20, Conjecture 1.1] implies a conjectural correspondence of F -purity and
log canonicity. Finally, we prove this correspondence when the defining equations
of the variety are very general.
Introduction
This paper deals with the theory of F -singularities, which are singularities defined
using the Frobenius morphism in positive characteristic. We present three main re-
sults. First, we give a new proof of a restriction theorem for adjoint ideal sheaves.
Second, we show that a certain arithmetic conjecture implies a conjectural corre-
spondence of F -purity and log canonicity. Finally, we prove this correspondence
when the defining equations of the variety are very general.
The notion of the adjoint ideal sheaf along a normal Q-Gorenstein closed subvari-
ety X of a smooth complex variety A with codimension c was introduced in [34] (see
Definition 1.8 for its definition). It is a modification of the multiplier ideal sheaf as-
sociated to the pair (A, cX) and encodes much information on the singularities of X .
Eisenstein [3] recently proved a restriction theorem for these adjoint ideal sheaves.
In this paper, we give a new proof of his result, using the theory of F -singularities.
Building on earlier results [7], [30] and [33], the author introduced in [34] a positive
characteristic analogue of the adjoint ideal sheaf, called the test ideal sheaf (see
Definition 1.1). He conjectured that the adjoint ideal sheaf coincides, after reduction
to characteristic p ≫ 0, with the test ideal sheaf, and some partial results were
obtained in loc. cit. Making use of these results, we reduce the problem to an ideal
theoretic problem on a normal Q-Gorenstein ring essentially of finite type over a
perfect field of characteristic p > 0. The desired restriction formula is then obtained
by adapting the argument of [23] (which can be traced back to [4]) to our setting
(see Theorem 3.2). As a corollary, we show the correspondence between adjoint
ideal sheaves and test ideal sheaves in a full generality:
Corollary 3.4. Let t > 0 be a real number and Z be a proper closed subscheme of A
which does not contain X in the support. We denote by adjX(A, tZ) the adjoint ideal
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sheaf of the pair (A, tZ) along X, and let (Ap, Xp, Zp, adjX(A, tZ)p)be a reduction
modulo p ≫ 0 of (A,X, Z, adjX(A, tZ)). If τ˜Xp(Ap, tZp) is the test ideal sheaf of
(Ap, tZp) along Xp, then
τ˜Xp(Ap, tZp) = adjX(A, tZ)p.
The other ingredients of this paper are on a correspondence between F -pure singu-
larities and log canonical singularities. F -pure singularities are defined via splitting
of Frobenius morphisms (see Definition 1.3). Log canonical singularities form a class
of singularities associated to the minimal model program (see Definition 1.7). It is
known that the pair (X ; tZ) is log canonical if its modulo p reduction (Xp; tZp) is
F -pure for infinitely many primes p, and the converse is conjectural (see Conjecture
2.4 for the precise statement). This conjecture is widely open and only a few special
cases are known. On the other hand, Mustat¸a˘–Srinivas [20, Conjecture 1.1] proposed
the following more arithmetic conjecture to study a behavior of test ideal sheaves:
if V is a d-dimensional smooth projective variety over an algebraically closed field
of characteristic zero, then the action induced by the Frobenius morphism on the
cohomology group Hd(Vp,OVp) of its modulo p reduction Vp is bijective for infinitely
many primes p. In this paper, we show that their conjecture implies the corre-
spondence of F -purity and log canonicity (see Theorem 2.11). Our result can be
viewed as strong evidence in favor of this conjectural correspondence, although the
conjecture of Mustat¸a˘–Srinivas is also largely open.
As additional evidence of this correspondence, we consider the case when the
defining equations of X are very general. Shibuta and the author [28] proved the
correspondence if X = Cn and Z is a complete intersection binomial subscheme or
a space monomial curve. Using a similar idea, Herna´ndez [8] recently proved the
case when X = Cn and Z is a hypersurface of X such that the coefficients of terms
of its defining equation are algebraically independent over Q. Using the techniques
we have developed for Theorem 3.2, we generalize his result as follows:
Theorem 4.1. Let X ⊆ Cn = SpecC[x1, . . . , xn] be a normal Q-Gorenstein closed
subvariety of codimension c passing through the origin 0. Let r denote the Gorenstein
index of X and JX denote the l.c.i. defect ideal of X. Let a ⊆ OX be a nonzero
ideal and t > 0 be a real number. Suppose that there exist a system of generators
h1, . . . , hl for the defining ideal IX of X and a system of generators hl+1, . . . , hν for
a with the following property: for each i = 1, . . . , ν, we can write
hi =
ρi∑
j=1
γijx
α
(1)
ij
1 · · ·x
α
(n)
ij
n ∈ C[x1, . . . , xn]
(
(α
(1)
ij , . . . , α
(n)
ij ) ∈ Z
n
≥0 \ {0}, γij ∈ C
∗
)
,
where γi1, . . . , γiρi are algebraically independent over Q. Then (X ; tV (a) +
1
r
V (JX))
is log canonical at 0 if and only if its modulo p reduction is F -pure at 0 for infinitely
many primes p.
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1. Preliminaries
1.1. Test ideals and F -singularities of pairs. In this subsection, we briefly
review the definitions of test ideal sheaves and F -singularities of pairs. The reader
is referred to [22], [23], [24], [31] and [34] for the details.
Throughout this paper, all schemes are Noetherian, excellent and separated, and
all sheaves are coherent. Let A be an integral scheme of prime characteristic p. For
each integer e ≥ 1, we denote by F e : A→ A or F e : OA → F
e
∗OA the e-th iteration
of the absolute Frobenius morphism on A. We say that A is F -finite if F : A→ A
is a finite morphism. For example, every scheme essentially of finite type over a
perfect field is F -finite. Given an ideal sheaf I ⊆ OA, for each q = p
e, we denote by
I [q] ⊆ OA the ideal sheaf identified with I ·F
e
∗OA via the identification F
e
∗OA
∼= OA.
For a closed subscheme Y of A, we denote by IY the defining ideal sheaf of Y in X .
The notion of test ideal sheaves along arbitrary subvarieties was introduced in
[34]. Below we give an alternate description of these sheaves based upon the ideas
of [23]. Let A be a normalQ-Gorenstein variety over an F -finite field of characteristic
p > 0 and X ⊆ A be a reduced equidimensional closed subscheme of codimension
c. Suppose that the Gorenstein index of A is not divisible by p. There then exists
infinitely many e such that (pe− 1)KA is Cartier, and we fix such an integer e0 ≥ 1.
Grothendieck duality yields an isomorphism of F e0∗ OA-modules
F e0∗ OA
∼= H omOA(F
e0
∗ ((1− p
e0)KA),OA),
and we denote by
ϕA,e0 : F
e0
∗ OA((1− p
e0)KA)→ OA
the map corresponding to the global section 1 of OA via this isomorphism. When A
is Gorenstein, we can describe ϕA,e0 more explicitly: it is obtained by tensoring the
canonical dual (F e0)∨ : F e0∗ ωA → ωA of the e0-times iterated Frobenius morphism
F e0 : OA → F
e0
∗ OA with OA(−KA). Also, the composite map
ϕA,e0 ◦ F
e0
∗ ϕA,e0 ◦ · · · ◦ F
(n−1)e0
∗ ϕA,e0 : F
ne0
∗ OA((1− p
ne0)KA)→ OA.
is denoted by ϕA,ne0 for all integers n ≥ 1. Just for convenience, ϕA,0 is defined to
be the identity map OA → OA.
Proposition-Definition 1.1 (cf. [34, Definition 2.2]). Let the notation be as above
and let Z =
∑m
i=1 tiZi be a formal combination where the ti are nonnegative real
numbers and the Zi are proper closed subschemes of A which do not contain any
component of X in their support.
(1) There exists a unique smallest ideal sheaf J ⊆ OA whose support does not
contain any component of X and which satisfies
ϕA,ne0(F
ne0
∗ (JI
c(pne0−1)
X I
⌈t1(pne0−1)⌉
Z1
· · · I
⌈tm(pne0−1)⌉
Zm
OA((1− p
ne0)KA))) ⊆ J
for all integers n ≥ 1. This ideal sheaf is denoted by τ˜X(A,Z). When X = ∅
(resp. Z = ∅), we denote this ideal sheaf simply by τ˜ (A;Z) (resp. τ˜X(A)).
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(2) (A,Z) is said to be purely F -regular along X if τ˜X(A,Z) = OA.
Proof. We will prove that τ˜X(A,Z) always exists. First we suppose that A is affine,
OA((1−p
ne0)KA) ∼= OA and HomOA(F
e0
∗ OA,OA) is generated by ϕA,e0 as an F
e0
∗ OA-
module. Then HomOA(F
ne0
∗ OA,OA) is generated by ϕA,ne0 as an F
ne0
∗ OA-module
for all n ≥ 1. Here we use the following claim.
Claim. There exists an element γ ∈ OA not contained in any minimal prime ideal
of IX and satisfying the following property: for every δ ∈ OA not contained in any
minimal prime of IX , there exists an integer n ≥ 1 such that
γ ∈ ϕA,ne0(F
ne0
∗ (δI
c(pne0−1)
X I
⌈t1(pne0−1)⌉
Z1
· · · I
⌈tm(pne0−1)⌉
Zm
)).
Proof. Suppose that g ∈
⋂
i IZi is an element not contained in any minimal prime of
IX such that D(g)
∣∣
X
⊆ X is regular. By [34, Example 2.6], D(g) is purely F -regular
along D(g)
∣∣
X
. It then follows from an argument similar to [24, Proposition 3.21]
that some power of g satisfies the condition of the claim. 
Let γ ∈ OA be an element satisfying the conditions of the above claim. Then we
will show that
τ˜X(A,Z) =
∑
n≥0
ϕA,ne0(F
ne0
∗ (γI
c(pne0−1)
X I
⌈t1(pne0−1)⌉
Z1
· · · I
⌈tm(pne0−1)⌉
Zm
)).
It is easy to check that
∑
n≥0 ϕA,ne0(F
ne0
∗ (γI
c(pne0−1)
X I
⌈t1(pne0−1)⌉
Z1
· · · I
⌈tm(pne0−1)⌉
Zm
)) is
the smallest ideal J ⊆ OA containing γ and satisfying
ϕA,ne0(F
ne0
∗ (JI
c(pne0−1)
X I
⌈t1(pne0−1)⌉
Z1
· · · I
⌈tm(pne0−1)⌉
Zm
)) ⊆ J
for all n ≥ 1. On the other hand, if an ideal I ⊆ OA is not contained in any minimal
prime of IX and satisfying
ϕA,ne0(F
ne0
∗ (II
c(pne0−1)
X I
⌈t1(pne0−1)⌉
Z1
· · · I
⌈tm(pne0−1)⌉
Zm
)) ⊆ I
for all n ≥ 1, then γ is forced to be in I by definition. This complete the proof when
A is affine and HomOA(F
e0
∗ OA,OA) is generated by ϕA,e0 as an F
e0
∗ OA-module.
In the general case, τ˜X(A,Z) is obtained by gluing the constructions on affine
charts. 
Remark 1.2. The definition of τ˜X(A,Z) is independent of the choice of e0.
Next, we will give a definition of F -singularities of pairs and F -pure thresholds.
Definition 1.3 ([32, Definition 3.1], [22, Proposition 3.3], cf. [22, Proposition 5.3]).
Let X be an F -finite integral normal scheme of characteristic p > 0 and D be an
effective Q-divisor on X . Let Z =
∑m
i=1 tiZi be a formal combination where the ti
are nonnegative real numbers and the Zi are proper closed subschemes of X . Fix
an arbitrary point x ∈ X .
(i) ((X,D);Z) is said to be strongly F -regular at x if for every nonzero γ ∈ OX,x,
there exist an integer e ≥ 1 and δ ∈ I
⌈t1(pe−1)⌉
Z1,x
· · · I
⌈tm(pe−1)⌉
Zm,x
such that
γδF e : OX,x → F
e
∗OX(⌈(p
e − 1)D⌉)x a 7→ γδa
pe
splits as an OX,x-module homomorphism.
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(ii) ((X,D);Z) is said to be sharply F -pure at x if there exist an integer e ≥ 1
and δ ∈ I
⌈t1(pe−1)⌉
Z1,x
· · · I
⌈tm(pe−1)⌉
Zm,x
such that
δF e : OX,x → F
e
∗OX(⌈(p
e − 1)D⌉)x a 7→ δa
pe
splits as an OX,x-module homomorphism.
We simply say that (X ;Z) is strongly F -regular (resp. sharply F -pure) at x if so
is ((X, 0);Z). We say that (X,D) is strongly F -regular (resp. sharply F -pure) if
so is ((X,D); ∅). Also, we say that ((X,D);Z) is strongly F -regular (resp. sharply
F -pure) if so is it for all x ∈ X .
(iii) Suppose that (X,D) is sharply F -pure at x. Then the F -pure threshold
fptx((X,D);Z) of Z at x is defined to be
fptx((X,D);Z) := sup{t ∈ R≥0 | ((X,D); tZ) is sharply F -pure at x}.
We denote this threshold by fptx(X ;Z) when D = 0.
Remark 1.4. Let A and Z be as in Proposition-Definition 1.1. Then (A;Z) is strongly
F -regular at a point x ∈ A if and only if τ˜(A,Z)x = OA,x.
There exists a criterion for sharp F -purity, so-called the Fedder type criterion,
which we will use later.
Lemma 1.5 ([4, Lemma 1.6], [22, Theorem 4.1]). Let A be an F -finite regular inte-
gral affine scheme of characteristic p > 0 and X ⊆ A be a reduced equidimensional
closed subscheme.
(1) For each nonnegative integer e, the natural morphism
F e∗ (I
[pe]
X : IX) ·H omOA(F
e
∗OA,OA)→ H omOX (F
e
∗OX ,OX)
sending s · ϕA to ϕA ◦ F e∗ (×s) induces the isomorphism
F e∗ (I
[pe]
X : IX) ·H omOA(F
e
∗OA,OA)
F e∗I
[pe]
X ·H omOA(F
e
∗OA,OA)
∼= H omOX (F
e
∗OX ,OX).
(2) Let Z =
∑m
i=1 tiZi be a formal combination where the ti are nonnegative real
numbers and the Zi are proper closed subschemes of A which do not contain
any component of X in their support. Let x ∈ X be an arbitrary point. Then
the following conditions are equivalent to each other:
(a) (X ;Z
∣∣
X
) is sharply F -pure at x,
(b) there exists an integer e0 ≥ 1 such that
(I
[pe0 ]
X,x : IX,x)I
⌈t1(pe0−1)⌉
Z1,x
· · · I
⌈tm(pe0−1)⌉
Zm,x
6⊆ m
[pe0 ]
A,x ,
which is equivalent to saying that
(I
[pne0 ]
X,x : IX,x)I
⌈t1(pne0−1)⌉
Z1,x
· · · I
⌈tm(pne0−1)⌉
Zm,x
6⊆ m
[pne0 ]
A,x
for all integers n ≥ 1. Here, mA,x ⊆ OA,x denotes the maximal ideal of
x.
We remark that (2) is an easy consequence of (1) in Lemma 1.5.
6 SHUNSUKE TAKAGI
1.2. Singularities of the minimal model program. In this subsection, we recall
the definitions of adjoint ideal sheaves, multiplier ideal sheaves and singularities of
pairs. The reader is referred to [17] for basic theory of multiplier ideal sheaves and
to [3], [34] for that of adjoint ideal sheaves.
Let X be a normal variety over an algebraically closed field K of characteristic
zero and let Z =
∑
i tiZi be a formal combination where the ti are nonnegative real
numbers and the Zi are proper closed subschemes of X . A log resolution of the
pair (X,Z) is a proper birational morphism π : X˜ → X with X a smooth variety
such that all scheme theoretic inverse images π−1(Zi) are divisors and in addition⋃
i Supp π
−1(Zi) ∪ Exc(π) is a simple normal crossing divisor. The existence of log
resolutions is guaranteed by Hironaka’s desingularization theorem [9].
Definition 1.6. Let X and Z be as above and let D =
∑
k dkDk be a boundary
divisor on X , that is, D is a Q-divisor on X with 0 ≤ dk ≤ 1 for all k. In addition,
we assume that KX +D is Q-Cartier and no component of ⌊D⌋ is contained in the
support of the Zi. Fix a log resolution π : X˜ → X of (X,D + Z) such that π
−1
∗ ⌊D⌋
is smooth. Then the adjoint ideal sheaf adjD(X,Z) of (X,Z) along D is defined to
be
adjD(X,Z) = π∗OX˜(⌈KX˜ − π
∗(KX +D)−
∑
i
ti π
−1(Zi)⌉+ π
−1
∗ ⌊D⌋) ⊆ OX .
When D = 0, we denote this ideal sheaf by J (X,Z) and call it the multiplier ideal
sheaf associated to (X,Z).
Definition 1.7. Let X and Z be as above and let D be a Q-divisor on X such that
KX +D is Q-Cartier. Fix a log resolution π : X˜ → X of (X,D + Z), and then we
can write
KX˜ = π
∗(KX +D) +
∑
i
ti π
−1(Zi) +
∑
j
ajEj,
where the aj are real numbers and the Ej are prime divisors on X˜ . Fix an arbitrary
point x ∈ X .
(i) ((X,D);Z) is said to be klt at x if aj > −1 for all j such that x ∈ π(Ej).
(ii) ((X,D);Z) is said to be log canonical at x if aj ≥ −1 for all j such that
x ∈ π(Ej).
When X is Q-Gorenstein and D = 0, we simply say that (X ;Z) is kit (resp. log
canonical) at x instead of saying that ((X, 0);Z) is kit (resp. log canonical) at x.
When Z = ∅, we simply say that (X,D) is kit (resp. log canonical) at x instead of
saying that ((X,D); ∅) is kit (resp. log canonical) at x. Also, we say that ((X,D);Z)
is klt (resp. log canonical) if so is it for all x ∈ X .
(iii) Suppose that (X,D) is log canonical at x. Then the log canonical threshold
lctx((X,D);Z) of Z at x is defined to be
lctx((X,D);Z) := sup{t ∈ R≥0 | ((X,D); tZ) is log canonical at x}.
We simply denote this threshold by lctx(X ;Z) if X is Q-Gorenstein and D = 0.
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When the ambient variety is smooth, we can generalize the notion of adjoint ideal
sheaves to the higher codimension case. Let A be a smooth variety over an alge-
braically closed field of characteristic zero and X ⊆ A be a reduced equidimensional
closed subscheme of codimension c.
Definition 1.8 ([34, Definition 1.6], cf. [3, Definition 3.4]). Let the notation be as
above. Let Z =
∑
i tiZi be a formal combination where the ti are nonnegative real
numbers and the Zi are proper closed subschemes of A which do not contain any
component of X in their support.
(i) Let f : A′ → A be the blow-up of A along X and E be the reduced excep-
tional divisor of f that dominates X . Let g : A˜→ A′ be a log resolution of
(A′, f−1(X) +
∑
i f
−1(Zi)) so that the strict transform g
−1
∗ E is smooth and
set π = f ◦ g. Then the adjoint ideal sheaf adjX(A,Z) of the pair (A,Z)
along X is defined to be
adjX(A,Z) := π∗OA˜(KA˜/A − c π
−1(X)− ⌊
∑
i
ti π
−1(Zi)⌋+ g
−1
∗ E).
(ii) (A;Z) is said to be plt along X if adjX(A,Z) = OA.
Remark 1.9. (1) The above definitions (Definitions 1.6, 1.7 and 1.8) are independent
of the choice of a log resolution used to define them.
(2) Let X and Z be as in Definition 1.7, and assume that X is Q-Gorenstein.
Then (X ;Z) is klt at a point x ∈ X if and only if J (X,Z)x = OX,x.
2. Reduction from characteristic zero to characteristic p
In this section, we briefly review how to reduce things from characteristic zero
characteristic p > 0. Our main references are [10, Chapter 2] and [20, Section 3.2].
Let X be a scheme of finite type over a field K of characteristic zero and Z =∑
i tiZi be a formal combination where the ti are real numbers and the Zi are proper
closed subschemes of X . Choosing a suitable finitely generated Z-subalgebra B of
K, we can construct a scheme XB of finite type over B and closed subschemes
Zi,B ( XB such that there exist isomorphisms
X
∼= // XB ×SpecB SpecK
Zi
∼= //
?
OO
Zi,B ×SpecB SpecK.
?
OO
Note that we can enlarge B by localizing at a single nonzero element and replacing
XB and Zi,B with the corresponding open subschemes. Thus, applying the generic
freeness [10, (2.1.4)], we may assume that XB and the Zi,B are flat over SpecB.
Letting ZB :=
∑
i tiZi,B, we refer to (XB, ZB) as a model of (X,Z) over B. Given a
closed point µ ∈ SpecB, we denote byXµ (resp. Zi,µ) the fiber ofXB (resp. Zi,B) over
µ and denote Zµ :=
∑
i tiZi,µ. Then Xµ is a scheme of finite type over the residue
field κ(µ) of µ, which is a finite field of characteristic p(µ). If X is regular, then
after possibly enlarging B, we may assume that XB is regular. In particular, there
exists a dense open subset W ⊆ SpecB such that Xµ is regular for all closed points
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µ ∈ W . Similarly, if X is normal (resp. reduced, irreducible, locally a complete
intersection, Gorenstein, Q-Gorenstein of index r, Cohen-Macaulay), then so is Xµ
for general closed points µ ∈ SpecB. Also, dimX = dimXµ and codim(Zi, X) =
codim(Zi,µ, Xµ) for general closed points µ ∈ SpecB. In particular, if X is normal
and Z is an Q-Weil (resp. Q-Cartier) divisor on X , then Zµ is an Q-Weil (resp. Q-
Cartier) divisor on Xµ for general closed points µ ∈ SpecB. If KX is a canonical
divisor on X , then KX,µ gives a canonical divisor KXµ on Xµ for general closed
points µ ∈ SpecB.
Given a morphism f : X → Y of schemes of finite type over K and a model
(XB, YB) of (X, Y ) over B, after possibly enlarging B, we may assume that f is
induced by a morphism fB : XB → YB of schemes of finite type over B. Given a
closed point µ ∈ SpecB, we obtain a corresponding morphism fµ : Xµ → Yµ of
schemes of finite type over κ(µ). If f is projective (resp. finite), then so is fµ for
general closed points µ ∈ SpecB.
Definition 2.1. Let P be a property defined for a triple (X,D,Z) where X is a
scheme of finite type over a finite field, D is an effective Q-divisor on X and Z is an
R≥0-linear combination of closed subschemes of X .
(i) ((X,D);Z) is said to be of P type if for a model of (X,D,Z) over a finitely
generated Z-subalgebra B ofK, there exists a dense open subsetW ⊆ SpecB
such that ((Xµ, Dµ);Zµ) satisfies P for all closed points µ ∈ W .
(ii) ((X,D);Z) is said to be of dense P type if for a model of (X,D,Z) over a
finitely generated Z-subalgebra B of K, there exists a dense subset of closed
points W ⊆ SpecB such that ((Xµ, Dµ);Zµ) satisfies P for all µ ∈ W .
Remark 2.2. (1) By enlarging B, ((X,D);Z) is of P type if and only if for some
model over B, P holds for all closed points µ ∈ SpecB.
(2) When P is strong F -regularity, pure F -regularity, or sharp F -purity, the above
definition is independent of the choice of a model.
There exists a correspondence between adjoint ideal sheaves and test ideal sheaves.
Theorem 2.3 ([33, Theorem 5.3], cf. [7], [30]). Let X be a normal variety over a
field K of characteristic zero and let Z =
∑
i tiZi be a formal combination where
the ti are nonnegative real numbers and the Zi are proper closed subschemes of X.
Let D =
∑
j djDj be a boundary divisor on X such that KX +D is Q-Cartier and
no component of ⌊D⌋ is contained in the support of the Zi. Given any model of
(X,Z,D) over a finitely generated Z-subalgebra B of K, there exists a dense open
subset W ⊆ SpecB such that
adjD(X,Z)µ = τ˜Dµ(Xµ, Zµ)
for every closed point µ ∈ W . In particular, ((X,D);Z) is klt at x if and only if it
is of strongly F -regular type at x.
An analogous correspondence between log canonicity and F -purity, that is, the
equivalence of log canonical pairs and pairs of dense sharply F -pure type is largely
conjectural.
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Conjecture 2.4. Let X be a normal variety over an algebraically closed field K
of characteristic zero and D be an effective Q-divisor on X such that KX + D is
Q-Cartier. Let Z =
∑
i tiZi be a formal combination where the ti are nonnegative
rational numbers and the Zi are proper closed subschemes of X. Fix an arbitrary
point x ∈ X.
(1) ((X,D);Z) is log canonical at x if and only if it is of dense sharply F -pure
type at x.
(2) Suppose that (X,D) is log canonical at x. Given any model of (X,D,Z, x)
over a finitely generated Z-subalgebra B of K, there exists a dense subset of
closed points W ⊆ SpecB such that
lctx((X,D);Z) = fptxµ((Xµ, Dµ);Zµ)
for all µ ∈ W .
Remark 2.5. (1) It is easy to see that (1) implies (2) in Conjecture 2.4.
(2) If ((X,D);Z) is of dense sharply F -pure type at x, then by [6, Theorem 3.3]
and [31, Proposition 3.8], it is log canonical at x.
Remark 2.6. Conjecture 2.4 is known to hold in the following cases (see also Theorem
4.1):
(i) X is a Q-Gorenstein toric variety, D = 0 and the Zi are monomial subschemes.
(ii) X is the affine space AnK , D = 0 and Z = t1Z1 where Z1 is a binomial complete
intersection subscheme or a space monomial curve (in the latter case, n = 3).
(iii) X is a normal surface, D is an integral effective divisor on X and Z = ∅.
(iv) X is the affine space AnK , D = 0 and Z is a hypersurface of X such that the
coefficients of terms of its defining equation are algebraically independent over
Q.
The case (i) follows from [1, Theorem 3], the case (ii) does from [28, Theorem 0.1]
and the case (iv) does from [8, Theorem 5.16]. We explain here how to check the
case (iii). If D 6= 0, then it follows from comparing [6, Theorem 4.5] with [15,
Theorem 9.6]. So we consider the case where D = 0. By Remark 2.5, it suffices
to show that a two-dimensional log canonical singularity (X, x) is of dense F -pure
type. Passing to an index one cover, we may assume that (X, x) is Gorenstein. If it
is log terminal, then by [5, Theorem 5.2] (see also Theorem 2.3), it is of F -regular
type and, in particular, of dense F -pure type. Hence we can assume that (X, x) is
not log terminal, that is, (X, x) is a cusp singularity or a simple elliptic singularity.
By [18, Theorem 1.2] or [35, Theorem 1.7], cusp singularities are of dense F -pure
type. Also, by [18], a simple elliptic singularity with exceptional elliptic curve E is
of dense F -pure type if and only if for a model EB of E over a finitely generated
Z-subalgebra B ⊆ K, there exists a dense subset of closed points W ⊆ SpecB such
that Eµ is ordinary for all µ ∈ W . Applying the same argument as the proof of
[20, Proposition 5.3], we may assume that E is defined over Q. It then follows from
Serre’s ordinary reduction theorem [27] that such W always exists. Thus, simple
elliptic singularities are of dense F -pure type.
Lemma 2.7. In order to prove Conjecture 2.4, it is enough to consider the case
when Z = ∅.
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Proof. Since the question is local, we work in a sufficiently small neighborhood of x.
By Remark 2.5, it suffices to show that if ((X,D);Z) is log canonical, then it is of
dense sharply F -pure type.
Suppose that ((X,D);Z) is log canonical. Let hi,1, . . . , hi,mi be a system of
generators for IZi for each i. Let gi,1, . . . , gi,mi be general linear combinations
of hi,1, . . . , hi,mi with coefficients in K, and set gi =
∏mi
j=1 gi,j, so that (X,D +∑
i
ti
mi
divX(gi)) is log canonical. On the other hand, since gi ∈ I
mi
Zi
, if (X,D +∑
i
ti
mi
divX(gi)) is of dense sharply F -pure type, then so is ((X,D);Z). Therefore,
it is enough to show that the log canonical pair (X,D +
∑
i
ti
mi
divX(gi)) is of dense
sharply F -pure type. 
Mustat¸a˘ and Srinivas [20] recently proposed the following more arithmetic conjec-
ture and related it to another conjecture on a comparison between multiplier ideal
sheaves and test ideal sheaves.
Conjecture 2.8 ([20, Conjecture 1.1]). Let X be an n-dimensional smooth projec-
tive variety over Q. Given a model of X over a finitely generated Z-subalgebra B
of Q, there exists a dense subset of closed points W ⊆ SpecB such that the action
induced by Frobenius on Hn(Xµ,OXµ) is bijective for all µ ∈ W .
Remark 2.9. Conjecture 2.8 is known to be true when X is a smooth projective
curve of genus less than or equal to two (see [20, Example 5.5], which can be traced
back to [21], [27]) or a smooth projective surface of Kodaira dimension zero (see [12,
Proposition 2.3]).
Example 2.10. We check that Conjecture 2.8 holds for the Fermat hypersurface
X of degree d in PnK over a field K of characteristic zero. Given a prime number
p, set Sp = Fp[x0, . . . , xn], mp = (x0, . . . , xn) ⊆ Sp, fp = x
d
0 + · · · + x
d
n ∈ Sp and
Xp = ProjSp/fp. Since H
n−1(Xp,OXp) = 0 for almost all p when d ≤ n, we consider
the case when d ≥ n + 1. Note that
Hn−1(Xp,OXp)
∼=
[
Hn
mp
(Sp/fp)
]
0
∼=
[
(0 : fp)Hn+1
mp (Sp)
]
−d
.
Via this isomorphism, the action induced by Frobenius on Hn−1(Xp,OXp) is identi-
fied with
f p−1p F :
[
(0 : fp)Hn+1
mp (Sp)
]
−d
→
[
(0 : fp)Hn+1
mp (Sp)
]
−d
,
where F : Hn+1
mp
(Sp) → H
n+1
mp
(Sp) is the map induced by Frobenius on H
n+1
mp
(Sp).
Let ξ =
[
z
(x0···xn)m
]
∈ Hn+1
mp
(Sp) be a homogeneous element such that f
p−1
p F (ξ) = 0,
that is, f p−1p z
p ∈ (xmp0 , . . . , x
mp
n ). Set W = {p ∈ SpecZ | p ≡ 1 mod d}, which is
a dense subset of SpecZ, and suppose that p ∈ W . Let a0, . . . , an be nonnegative
integers such that
∑n
i=0 an = d− n− 1. Then the term
(x
d(a0+1)
0 · · ·x
d(an+1)
n )
p−1
d = (xa11 · · ·x
an
n )
pxp−a1−11 · · ·x
p−an−1
n
appears in the expansion of f p−1p . Since {x
i1
1 · · ·x
in
n }0≤i1,...,in≤p−1 is a free basis of Sp
as an Spp-module, f
p−1zp can be written as
f p−1zp = u(xa11 · · ·x
an
n z)
pxp−a1−11 · · ·x
p−an−1
n +
∑
ij 6=p−aj−1
gpi1,··· ,inx
i1
1 · · ·x
in
n ,
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where u ∈ Fp is a nonzero element and gi1,··· ,in ∈ Sp for each 0 ≤ i1, . . . , in ≤ p− 1.
Let ϕ : F∗Sp → Sp be the S-linear map sending x
p−a1−1
1 · · ·x
p−an−1
n to 1 and the
other part of the basis to zero. Then
uxa11 · · ·x
an
n z = ϕ(f
p−1zp) ∈ ϕ((xmp0 , . . . , x
mp
n )) ⊆ (x
m
0 , . . . , x
m
n ).
By the definition of the ai, one has m
d−n−1
p z ⊆ (x
m
0 , . . . , x
m
n ), that is, m
d−n−1
p ξ = 0
in Hn+1
mp
(Sp). This means that deg ξ ≥ −d + 1, and we conclude that f
p−1
p F :[
(0 : fp)Hn+1
mp (Sp)
]
−d
→
[
(0 : fp)Hn+1
mp (Sp)
]
−d
is injective for all p ∈ W .
The following result comes from a discussion with Karl Schwede, who the author
thanks.
Theorem 2.11. If Conjecture 2.8 holds, then Conjecture 2.4 holds as well.
In order to prove Theorem 2.11, we introduce a notion of sharp F -purity for
non-effective integral divisors.
Definition 2.12. Let X be an F -finite normal integral scheme of characteristic
p > 0 and D be a (not necessarily effective) integral divisor on X . We assume that
KX+D is Q-Cartier with index not divisible by p. Let x ∈ X be an arbitrary point.
We decompose D as D = D+−D−, where D+ and D− are effective integral divisors
on X which have no common irreducible components. We then say that the pair
(X,D) is sharply F -pure at x if there exists an integer e0 > 0 such that for all positive
multiples e = ne0 of e0, one has an OX,x-linear map ϕ : F
e
∗OX((p
e−1)D++D−)x →
OX(D−)x whose image of F
e
∗OX(D−)x contains 1. We say that (X,D) is sharply
F -pure if it is sharply F -pure at every closed point of X .
If D is an effective integral divisor, then this definition coincides with Definition
1.3 (ii). We need a variant of [26, Theorem 6.28] involving sharp F -purity in the
sense of Definition 2.12.
Lemma 2.13 (cf. [26, Theorem 6.28]). Let π : Y → X be a finite separable mor-
phism of F -finite normal integral schemes of characteristic p > 0. Let ∆X be an
effective Q-divisor on X such that KX+∆X is Q-Cartier with index not divisible by
p. Suppose that ∆Y is an integral divisor on Y such that KY +∆Y = π
∗(KX +∆X).
In addition, we assume that the trace map TrY/X : π∗OY → OX is surjective. Then
(X,∆X) is sharply F -pure if and only if (Y,∆Y ) is sharply F -pure in the sense of
Definition 2.12.
Proof. The statement is local on X and so we assume that X = SpecA and Y =
SpecB, where A is a local ring and B is a semi-local ring. There exists e0 ∈ N
such that (pe0 − 1)(KX +∆) is Cartier. Then HomA(F
e
∗A((p
e − 1)∆X), A) is a free
F e∗A-module of rank one for all positive multiples e = ne0 of e0. Let ϕX : F
e
∗A→ A
be its generator. We decompose ∆Y as ∆Y,+ −∆Y,−, where ∆Y,+,∆Y,− are effective
integral divisors on Y which have no common components. Then the F e∗B-module
HomB(F
e
∗B((p
e − 1)∆Y,+ +∆Y,−), B(∆Y,−)) ∼= F
e
∗B((1− p
e)(KY +∆Y ))
= F e∗π
∗A((1− pe)(KX +∆X))
∼= F e∗π
∗A = F e∗B,
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and we pick its generator ϕY : F
e
∗B(∆Y,−)→ B(∆Y,−) extending ϕX : F
e
∗A→ A.
Suppose that (X,∆X) is sharply F -pure. By the definition of sharp F -purity,
after possibly enlarging e, we have that 1 ∈ Im ϕX ⊆ Im ϕY , and hence (Y,∆Y ) is
sharply F -pure.
Conversely, suppose that (Y,∆Y ) is sharply F -pure. Making e larger if necessary,
we may assume that 1 ∈ Im ϕY . Note that ∆Y = π
∗∆X − R and R ≥ ∆Y,−, where
R denotes the ramification divisor of π. Then the F e∗B-module
HomB(F
e
∗B((p
e − 1)π∗∆X +R), B(R))
∼=F e∗π
∗A((1− pe)(KX +∆X))
∼=HomB(F
e
∗B((p
e − 1)∆Y,+ +∆Y,−), B(∆Y,−)),
and we pick its generator ϕ˜Y : F
e
∗B(R) → B(R) extending ϕY : F
e
∗B(∆Y,−) →
B(∆Y,−). Since the trace map TrY/X corresponds to the ramification divisor R, we
have the following commutative diagram:
F e∗A
ϕX // A
F e∗B(R)
ϕ˜Y //
F e
∗
TrY/X
OO
B(R).
TrY/X
OO
The surjectivity of the trace map TrY/X : B → A implies that
1 ∈ TrY/X(Im ϕY ) ⊆ TrY/X(Im ϕ˜Y ) = ϕX(Im F
e
∗TrY/X) = Im ϕX ,
because B ⊆ Im ϕY . Thus, (X,∆X) is sharply F -pure. 
Proof of Theorem 2.11. Let the notation be as in Conjecture 2.4. By Lemma 2.7,
we may assume that KX +D is Cartier and Z = ∅. Since the question is local, we
work in a sufficiently small neighborhood of x. By Remark 2.5, it suffices to show
that if (X,D) is log canonical, then it is of dense sharply F -pure type.
Suppose that (X,D) is log canonical. By [16, Section 2.4], there exists a finite
morphism f : X ′ → X from a normal variety X ′ over K such that f ∗(KX + D)
is Cartier. Let D′ be a (not necessarily effective) integral divisor on X ′ such that
KX′ +D
′ = f ∗(KX +D). It then follows from [16, Proposition 5.20] that (X
′, D′) is
log canonical. We decompose D′ as D′ = D′+−D
′
−, where D
′
+ and D
′
− are effective
integral divisors on X which have no common components. Take a log resolution
π : X˜ → X ′ of (X ′, D′), and denote by E the reduced divisor supported on the π-
exceptional locus Exc(π). Let (XB, DB, X
′
B, D
′
B = D
′
+,B−D
′
−,B, πB, EB) be a model
of (X,D,X ′, D′ = D′+ − D
′
−, π, E) over a finitely generated Z-subalgebra B of K.
After possibly enlarging B, we may assume that KXµ +Dµ is Q-Cartier with index
not divisible by the characteristic p(µ) and that the trace map TrX′µ/Xµ : fµ∗OX′µ →
OXµ is surjective for all closed points µ ∈ SpecB.
By virtue of [20, Theorem 5.10], there exists a dense subset of closed points
W ⊆ SpecB such that for every integer e ≥ 1 and every µ ∈ W , the map
(⋄) πµ∗F
e
∗ (OX˜µ(KX˜µ + πµ
−1
∗ D
′
+,µ + Eµ))→ πµ∗OX˜µ(KX˜µ + πµ
−1
∗ D
′
+,µ + Eµ),
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induced by the canonical dual of the e-times iterated Frobenius map OX˜µ → F
e
∗OX˜µ ,
is surjective. Tensoring (⋄) with OX′µ(−KX′µ −D
′
µ), one can see that the map
ρ : πµ∗F
e
∗ (OX˜µ(M + (1− p(µ)
e)π∗µ(KX′µ +D
′
µ)))→ πµ∗OX˜µ(M)
is surjective, where M = KX˜µ+πµ
−1
∗ D
′
+,µ−π
∗
µ(KX′µ+D
′
µ)+Eµ. Since (X
′, D′) is log
canonical, 1 ∈ πµ∗OX˜µ(M) ⊆ OX′µ(D
′
−,µ). By Grothendieck duality, ρ is identified
with the evaluation map
F e∗OX′µ(D
′
−,µ)⊗H omOX′µ
(F e∗OX′µ((p(µ)
e − 1)D′+,µ +D
′
−,µ),OX′µ(D
′
−,µ))
→ OX′µ(D
′
−,µ).
The subjectivity of ρ then implies that there exists an OX′-linear map
ϕX′ : F
e
∗OX′µ((p(µ)
e − 1)D′+,µ +D
′
−,µ)→ OX′µ(D
′
−,µ)
such that 1 ∈ ϕX′(F
e
∗OX′µ(D
′
−,µ)). That is, (X
′
µ, D
′
µ) is sharply F -pure in the sense
of Definition 2.12. Applying Lemma 2.13, we conclude that (Xµ, Dµ) is sharply
F -pure for all µ ∈ W . 
Remark 2.14. Let Y be an S2, G1 and seminormal variety over an algebraically
closed field K of characteristic zero and Γ be an effective Q-Weil divisorial sheaf
on Y such that KY + Γ is Q-Cartier. Combining Theorem 2.11 with [19, Corollary
4.4], we can conclude that if Conjecture 2.8 holds, then the pair (Y,Γ) is semi-log
canonical if and only if it is of dense sharply F -pure type.
3. Restriction theorem for adjoint ideal sheaves
In this section, building on an earlier work [34], we give a new proof of Eisenstein’s
restriction theorem for adjoint ideal sheaves using test ideal sheaves.
Definition 3.1. Let A be a smooth variety over an algebraically closed field K
of characteristic zero and X ⊆ A be a normal Q-Gorenstein closed subvariety of
codimension c. Denote by r the Gorenstein index of X , that is, the smallest positive
integer m such that mKX is Cartier. Then the l.c.i. defect ideal sheaf
1 JX ⊆ OX
is defined as follows: since the construction is local, we may consider the germ at
a closed point x ∈ X ⊆ A. We take generally a closed subscheme Y of A which
contains X and is locally a complete intersection (l.c.i. for short) of codimension c.
By Bertini’s theorem, Y is the scheme-theoretic union of X and another variety CY
of codimension c. Then the closed subscheme DY := CY
∣∣
X
of X is a Weil divisor
such that rDY is Cartier and OX(rKX) = OX(−rD
Y )ω⊗rY . The l.c.i. defect ideal
sheaf JX is defined by
JX =
∑
Y
OX(−rD
Y ),
where Y runs through all the general l.c.i. closed subschemes of codimension c con-
taining X . Note that the support of JX exactly coincides with the non-l.c.i. locus
1We follow a construction due to Kawakita [14], but our terminology is slightly different from
his. We warn the reader that the ideal sheaf called the l.c.i. defect ideal in [14] is different from
our JX . Also, Ein and Mustat¸a˘ [2] introduced a very similar ideal, which coincides with our JX
up to integral closure.
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of X . In particular, JX = OX if and only if X is l.c.i. The reader is referred to [14,
Section 2] and [2, Section 9.2] for further properties of l.c.i. defect ideal sheaves.
Now we give a new proof of Eisenstein’s theorem [3, Corollary 5.2].
Theorem 3.2. Let A be a smooth variety over an algebraically closed field K of
characteristic zero and Z =
∑m
i=1 tiZi be a formal combination where the ti are
nonnegative real numbers and the Zi are proper closed subschemes of A. If X is a
normal Q-Gorenstein closed subvariety of A which is not contained in the support
of any Zi, then
J (X,Z
∣∣
X
+
1
r
V (JX)) = adjX(A,Z)
∣∣
X
,
where r is the Gorenstein index of X and JX is the l.c.i. defect ideal sheaf of X.
Proof. The proof is a refinement of the proof of [34, Theorem 3.1]. The inclusion
J (X,Z
∣∣
X
+ 1
r
V (JX)) ⊇ adjX(A,Z)
∣∣
X
follows from a combination of [2, Remark 8.5]
and [34, Lemma 1.7]. Hence we will prove the converse inclusion.
Since the question is local, we consider the germ at a closed point x ∈ X ∩⋂m
i=1Zi ⊂ A. Denote by c the codimension of X in A. Take generally a subscheme
Y of A which contains X and is l.c.i. of codimension c, so Y is the scheme-theoretic
union of X and a variety CY . Then DY := CY
∣∣
X
is a Weil divisor on X such that
rDY is Cartier. By a general choice of Y , one has
(⋆) J (X,Z
∣∣
X
+
1
r
V (JX)) = adjDY (X,Z
∣∣
X
),
(which follows from an argument similar to the claim in the proof of [34, Theorem
3.1]). Therefore, it is enough to show that
adjDY (X,Z
∣∣
X
) ⊆ adjX(A,Z)
∣∣
X
.
By Theorem 2.3 and [34, Theorem 2.7], in order to prove this inclusion, it suffices
to show that given any model of (A,X, Y, Z, CY , DY ) over a finitely generated Z-
subalgebra B of K, one has
(⋆⋆) τ˜DYµ (Xµ, Zµ
∣∣
Xµ
) ⊆ τ˜Xµ(Aµ, Zµ)
∣∣
Xµ
for general closed points µ ∈ SpecB. Since µ is a general point of SpecB and the
formation of test ideal sheaves commutes with localization, we may assume that
OAµ is an F -finite regular local ring of characteristic p = p(µ) > r, Xµ = V (I)
is a normal Q-Gorenstein closed subscheme of Aµ with Gorenstein index r and
Yµ = V ((f1, . . . , fc)) is a complete intersection closed subscheme of codimension c
containing Xµ. We may assume in addition that D
Y
µ is a Weil divisor on Xµ such
that rDYµ is Cartier and OXµ(rKXµ) = OXµ(−rD
Y
µ )ω
⊗r
Yµ
. We take a germ g ∈ OAµ
whose image g is the local equation of rDYµ on OXµ . Let ai ⊆ OAµ be the defining
ideal of Zi,µ for each i = 1, . . . , m. Fix an integer e0 ≥ 1 such that p
e0−1 is divisible
by r and set q0 = p
e0.
Claim. For all powers q = qn0 of q0, one has
g(q−1)/r(I [q] : I) = (f1 · · · fc)
q−1 in OAµ/I
[q].
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Proof of Claim. Since q − 1 is divisible by r,
OXµ((1− q)(KXµ +D
Y
µ )) = OYµ
(
(1− q)KYµ
) ∣∣
Xµ
= OAµ((1− q)(KAµ +
c∑
i=1
divAµ(fi)))
∣∣
Xµ
.
Set e = ne0. By making use of Grothendieck duality, this implies that the natural
map of F e∗OAµ-modules
HomOAµ (F
e
∗OAµ((q − 1)
c∑
i=1
divAµ(fi)),OAµ)→ HomOXµ
(
F e∗OXµ((q − 1)D
Y
µ ),OXµ
)
induced by restriction is surjective. It then follows from Lemma 1.5 (1) that the
OAµ-linear map
(f1 · · · fc)
q−1OAµ →
g(q−1)/r(I [q] : I)
I [q]
induced by the natural quotient map OAµ → OAµ/I
[q] is surjective. Thus, we obtain
the assertion. 
Let ϕXµ,e0 : F
ne0
∗ OXµ → OXµ be a generator for the rank-one free F
ne0
∗ OXµ-module
HomOXµ (F
ne0
∗ OXµ ,OXµ). Then τ˜DYµ (Xµ, Zµ
∣∣
Xµ
) is the unique smallest ideal J whose
support does not contain any component of DYµ and which satisfies
ϕXµ,ne0(F
ne0
∗ (Jg
(qn0−1)/ra
⌈t1(qn0−1)⌉
1 · · · a
⌈tm(qn0−1)⌉
m )) ⊆ J
for all integers n ≥ 1. By Lemma 1.5 (1), there exist an OAµ-linear map ϕAµ,ne0 :
F ne0∗ OAµ → OAµ and a germ hn ∈ OAµ whose image is a generator for the cyclic
OXµ-module (I
[qn0 ] : I)/I [q0] such that we have the following commutative diagram:
F ne0∗ OAµ

ϕAµ,ne0◦F
ne0
∗ hn
// OAµ

F ne0∗ OXµ
ϕXµ,ne0 // OXµ ,
where the vertical maps are natural quotient maps. By the definition of τ˜Xµ(Aµ, Zµ),
one has
ϕAµ,ne0(F
ne0
∗ (τ˜Xµ(Aµ, Zµ)I
c(qn0−1)a
⌈t1(qn0−1)⌉
1 · · · a
⌈tm(qn0−1)⌉
m )) ⊆ τ˜Xµ(Aµ, Zµ).
Since g(q
n
0−1)/rhn ∈ I
c(qn0−1) + I [q
n
0 ] by the above claim,
ϕAµ,ne0(F
ne0
∗ (τ˜Xµ(Aµ, Zµ)g
(qn0−1)/rhna
⌈t1(qn0−1)⌉
1 · · · a
⌈tm(qn0−1)⌉
m )) ⊆ τ˜Xµ(Aµ, Zµ) + I.
It then follows from the commutativity of the above diagram that
ϕXµ,ne0(F
ne0
∗ (τ˜Xµ(Aµ, Zµ)
∣∣
Xµ
g(q
n
0−1)/ra1
⌈t1(qn0−1)⌉ · · · am
⌈tm(qn0−1)⌉)) ⊆ τ˜Xµ(Aµ, Zµ)
∣∣
Xµ
,
where ai is the image of ai in OXµ for each i = 1, . . . , m.
On the other hand, note that a
⌈t1⌉
1 · · · a
⌈tm⌉
m τ˜Xµ(Aµ) ⊆ τ˜Xµ(Aµ, Zµ). By [34, Ex-
ample 2.6], the support of τ˜Xµ(Aµ) is contained in the singular locus of Xµ, which
does not contain any component of DYµ because Xµ is normal. Also, by a general
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choice of Y , we may assume that no component of DYµ is contained in the support
of Zi,µ for all i = 1, . . . , m. Thus, the support of τ˜Xµ(Aµ, Zµ)
∣∣
Xµ
does not contain
any component of DYµ . By the minimality of τ˜DYµ (Xµ, Zµ
∣∣
Xµ
), we conclude that
τ˜DYµ (Xµ, Zµ
∣∣
Xµ
) ⊆ τ˜Xµ(Aµ, Zµ)
∣∣
Xµ
. 
Remark 3.3. Let the notation be as in Theorem 3.2 and fix an arbitrary point x ∈ X .
Employing the same strategy as the proof of [13, Theorem], we can use Theorem
3.2 to prove that the pair (X ;Z
∣∣
X
+ 1
r
V (JX)) is log canonical at x if and only if so
is (A; cX + Z). This result is a special case of [14, Theorem 1.1] and [2, Theorem
1.1], but our proof does not depend on the theory of jet schemes.
As a corollary, we prove the conjecture proposed in [34, Conjecture 2.8] when X
is normal and Q-Gorenstein.
Corollary 3.4. Let A be a smooth variety over an algebraically closed field K of
characteristic zero and X ⊆ A be a normal Q-Gorenstein closed subvariety of A. Let
Z =
∑m
i=1 tiZi be a formal combination where the ti are nonnegative real numbers
and the Zi ⊆ A are proper closed subschemes which do not contain X in their
support. Given any model of (A,X, Z) over a finitely generated Z-subalgebra B of
K, there exists a dense open subset W ⊆ SpecB such that
adjX(A,Z)µ = τ˜Xµ(Aµ, Zµ)
for every closed point µ ∈ W . In particular, the pair (A;Z) is plt along X if and
only if it is of purely F -regular type along X.
Proof. Let r be the Gorenstein index of X and JX ⊆ OX be the l.c.i. defect ideal
sheaf of X . Let (AB, XB, ZB, JX,B) be any model of (A,X, Z, JX) over a finitely
generated Z-subalgebra B of K. By [34, Theorem 2.7], there exists a dense open
subset W ⊆ SpecB such that
τ˜Xµ(Aµ, Zµ) ⊆ adjX(A,Z)µ
for all closed points µ ∈ W . Therefore, we will prove the reverse inclusion.
As an application of Theorem 2.3 to (⋆) and (⋆⋆) in the proof of Theorem 3.2,
after replacing W by a smaller dense open subset if necessary, we may assume that
adjX(A,Z)µ
∣∣
Xµ
= J (X,Z
∣∣
X
+
1
r
V (JX))µ ⊆ τ˜Xµ(Aµ, Zµ)
∣∣
Xµ
,
that is,
adjX(A,Z)µ ⊆ τ˜Xµ(Aµ, Zµ) + IXµ
for all closed points µ ∈ W . It, however, follows from Theorem 2.3 and [3, Theorem
5.1] that we may assume that
adjX(A,Z)µ ∩ IXµ = J (A, cX + Z)µ = τ˜ (Aµ, cXµ + Zµ)
⊆ τ˜Xµ(Aµ, Zµ)
for all closed points µ ∈ W . Thus, adjX(A,Z)µ ⊆ τ˜Xµ(Aµ, Zµ) for all closed points
µ ∈ W . 
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4. The correspondence of log canonicity and F-purity when the
defining equations are very general
Using the argument developed in the previous section and involving the l.c.i. defect
ideal sheaf, we will show that Conjecture 2.4 holds true if the defining equations of
the variety are very general. The following result is a generalization of a result of
Herna´ndez [8] to the singular case.
Theorem 4.1. Let AnK = SpecK[x1, . . . , xn] be the affine n-space over an alge-
braically closed field K of characteristic zero and X ⊆ AnK be a normal Q-Gorenstein
closed subvariety of codimension c passing through the origin 0. Let r denote the
Gorenstein index of X and JX denote the l.c.i. defect ideal of X. Let a ⊆ OX
be a nonzero ideal and t > 0 be a real number. Suppose that there exist a system
of generators h1, . . . , hl for the defining ideal IX of X and a system of generators
hl+1, . . . , hν for a with the following property: for each i = 1, . . . , ν, we can write
hi =
ρi∑
j=1
γijx
α
(1)
ij
1 · · ·x
α
(n)
ij
n ∈ K[x1, . . . , xn]
(
(α
(1)
ij , . . . , α
(n)
ij ) ∈ Z
n
≥0 \ {0}, γij ∈ K
∗
)
,
where γi1, . . . , γiρi are algebraically independent over Q. Then (X ; tV (a) +
1
r
V (JX))
is log canonical at 0 if and only if it is of dense sharply F -pure type at 0.
Remark 4.2. Note by the definition of JX that X is l.c.i. if and only if JX =
OX . Thus, if X = SpecK[x1, . . . , xn]/(h1, . . . , hl) is a normal complete intersection
variety, a ⊆ OX is the image of the ideal generated by hl+1, · · · , hν , and the hi ∈
K[x1, . . . , xn] satisfy the same property as that in Theorem 4.1, then Theorem 4.1
says that (X, tV (a)) is log canonical at 0 if and only if it is of dense sharply F -pure
type.
Proof. By Remark 2.5, it suffices to show that if (X ; tV (a)+ 1
r
V (JX)) is log canonical
at 0, then it is of dense sharply F-pure type.
Suppose that (X ; tV (a) + 1
r
V (JX)) is log canonical at 0. Since the log canonical
threshold lct0((X ;
1
r
V (JX));V (a)) is a rational number, we may assume that t is a
rational number. Take a sufficiently general complete intersection closed subscheme
Y = V ((f1, . . . , fc)) of codimension c containing X , and let s = c − l + ν and
fc+j = hl+j for every j = 1, . . . , s− c. For each i = 1, . . . , s, we can write
fi =
mi∑
j=1
uijx
a
(1)
ij
1 · · ·x
a
(n)
ij
n ∈ K[x1, . . . , xn]
(
(a
(1)
ij , . . . , a
(n)
ij ) ∈ Z
n
≥0 \ {0}, uij ∈ K
∗
)
,
where u11, . . . , u1m1 , . . . , us1, . . . , usms are algebraically independent over Q. We de-
compose Y into the scheme-theoretic union of X and a variety CY , and denote by
DY the Weil divisor on X obtained by restricting CY to X . Let g ∈ K[x1, . . . , xn]
be a polynomial whose image is a local equation of the Cartier divisor rDY in a
neighborhood of 0. Using the standard decent theory of [10, Chapter 2], we can
choose a model
(AnB = SpecB[x1, . . . , xn], XB, YB = V ((f1,B, . . . , fc,B)), D
Y
B , aB, JX,B, gB)
of (AnK , X, Y,D
Y , a, JX, g) over a finitely generated Z-subalgebra B of K such that
18 SHUNSUKE TAKAGI
(i) Z[u11, . . . , u1m1, . . . , us1, . . . , usms, 1/(
∏
i,j uij)] ⊆ B,
(ii) the image of gB lies in JB,
(iii) Xµ is a normal Q-Gorenstein closed subvariety of codimension c passing the
origin 0 with Gorenstein index r,
(iv) Yµ is a complete intersection closed subscheme of codimension c containing
Xµ,
(v) rDYµ is a Cartier divisor on Xµ and OXµ(rKXµ) = OXµ(−rD
Y
µ )ω
⊗r
Yµ
,
(vi) the image of gµ is a local equation of rD
Y
µ at 0
for all closed points µ ∈ SpecB. It is then enough to show that there exists a dense
subset of closed points W ⊆ SpecB such that
(
Xµ; tV (aµ) +
1
r
V (JX,µ)
)
is sharply
F -pure at 0 for all µ ∈ W .
Since (X ; tV (a)+ 1
r
V (JX)) is log canonical at 0, it follows from [14, Theorem 1.1]
and [2, Theorem 1.1] (see also Remark 3.3) that (AnK ; tV (a) + cX) is log canonical
at 0. By a general choice of f1, . . . , fc, it is equivalent to saying that
(AnK ;
c∑
i=1
div(fi) + tV (fc+1, . . . , fs))
is log canonical at 0. By making use of the summation formula for multiplier
ideals [32, Theorem 3.2], for any ǫ > 0, there exist nonnegative rational numbers
λc+1(ǫ), . . . , λs(ǫ) with λc+1(ǫ) + · · ·+ λs(ǫ) = t(1 − ǫ) such that
(AnK ,
c∑
i=1
(1− ǫ)div(fi) +
s∑
j=c+1
λj(ǫ)div(fj))
is klt at 0. Let afi be the term ideal of fi (that is, the monomial ideal generated
by the terms of fi) for each i = 1, . . . , s. Since afi contains fi, the monomial ideal
J (AnK ,
∑c
i=1(1−ǫ)V (afi)+
∑s
j=c+1 λj(ǫ)V (afj)) is trivial. Then by a result of Howald
[11, Main Theorem], the vector 1 lies in the interior of
c∑
i=1
(1− ǫ)P (afi) +
s∑
j=c+1
λj(ǫ)P (afj),
where P (afi) is the Newton Polyhedron of afi for each i = 1, . . . , s. This is equivalent
to saying that there exists
σ(ǫ) = (σ11(ǫ), . . . , σ1m1(ǫ), . . . , σs1(ǫ), . . . , σsms(ǫ)) ∈ R
∑s
i=1mi
≥0
such that
(1) Aσ(ǫ)T < 1,
(2)
∑mi
j=1 σij(ǫ) = 1− ǫ for every i = 1, . . . , c,
(3)
∑mi
j=1 σij(ǫ) = λi(ǫ) for every i = c+ 1, . . . , s,
where A is the n× (
∑s
i=1mi) matrix
 a
(1)
11 . . . a
(1)
1m1
a
(1)
21 . . . a
(1)
s1 . . . a
(1)
sms
...
. . .
...
...
...
. . .
...
a
(n)
11 . . . a
(n)
1m1 a
(n)
21 . . . a
(n)
s1 . . . a
(n)
sms

 .
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Since such σ(ǫ) exists for every ǫ > 0, by the continuity of real numbers and the
convexity of the solution space {τ ∈ R
∑s
i=1 mi
≥0
∣∣A˜τT ≤ 1}, there exists
σ = (σ11, . . . , σ1m1 , . . . , σs1, . . . , σsms) ∈ Q
∑s
i=1mi
≥0
such that
(1˜) A˜σT ≤ 1,
(2˜)
∑mi
j=1 σij = 1 for every i = 1, . . . , c,
(3˜)
∑s
i=c+1
∑mi
j=1 σij = t,
where A˜ is the (n+ s)× (
∑s
i=1mi) matrix

a
(1)
11 . . . a
(1)
1m1 a
(1)
21 . . . a
(1)
2m2 a
(1)
31 . . . a
(1)
s1 . . . a
(1)
sms
...
. . .
...
...
. . .
...
...
...
. . .
...
a
(n)
11 . . . a
(n)
1m1
a
(n)
21 . . . a
(n)
2m2
a
(n)
31 . . . a
(n)
s1 . . . a
(n)
sms
1 . . . 1 0 . . . 0 0 . . . 0 . . . 0
1 . . . 1 0 . . . 0 . . . 0
1 . . . 0 . . . 0
...
...
0 0 . . . 0
1 . . . 1


.
We take the least common multiple N of the denominators of the σij , so that σij(p−
1) is an integer for all i = 1, . . . , s and all j = 1, . . . , mi whenever p ≡ 1 mod N .
Let p be a prime such that p ≡ 1 mod Nr and let e1, . . . , en be nonnegative
integers such that
(p− 1)A˜σT =


e1
...
en∑m1
j=1 σ1j(p− 1)
...∑ms
j=1 σsj(p− 1)


.
Then ek ≤ p − 1 for all k = 1, . . . , n. The coefficient of the monomial x
e1
1 · · ·x
en
n in
the expansion of f
∑m1
j=1 σ1j(p−1)
1 · · · f
∑ms
j=1 σsj(p−1)
s is
θσ,p(u) :=
∑
τij
s∏
i=1
(∑mi
j=1 σij(p− 1)
τi1, . . . , τimi
)
uτi1i1 · · ·u
τimi
imi
∈ Z[uij] i=1,...,s
j=1,...,mi
⊆ B,
where the summation runs over all τ = (τ11, . . . , τ1m1 , . . . , τs1, . . . , τsms) ∈ Z
∑s
i=1mi
≥0
such that
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A˜τT =


e1
...
en∑m1
j=1 σ1j(p− 1)
...∑ms
j=1 σsj(p− 1)


.
Since A˜σT ≤ 1, one has
∑mi
j=1 σij(p−1) ≤ p−1 for all i = 1, . . . , s, so the coefficient
s∏
i=1
( ∑mi
j=1 σij(p− 1)
σi1(p− 1), . . . , σimi(p− 1)
)
of the monomial
∏s
i=1 u
σi1(p−1)
i1 · · ·u
σimi (p−1)
imi
in θσ,p(u) is nonzero in Fp. This means
that θσ,p(u) is nonzero in Fp[uij] i=1,...,s
j=1,...,mi
⊆ B/pB, because, by assumption, the uij
are algebraically independent over Fp. Thus, D(θσ,p(u))∩SpecB/pB is a dense open
subset of SpecB/pB.
We now set
W :=
⋃
p≡1 mod Nr
D(θσ,p(u)) ∩ SpecB/pB ⊆ SpecB.
Then W is a dense subset of SpecB. Fix any closed point µ ∈ W and let p denote
the characteristic of the residue field κ(µ) = B/µ from now on. Since the image
of θσ,p(u) is nonzero in B/µ, the monomial x
e1
1 · · ·x
en
n appears in the expansion
of f
(
∑m1
j=1 σ1j )(p−1)
1,µ · · · f
(
∑ms
j=1 σsj)(p−1)
s,µ in (B/µ)[x1, . . . , xn]. Since ek ≤ p − 1 for all
k = 1, . . . , n and
∑mi
j=1 σij(p− 1) = p− 1 for all i = 1, . . . , c, one has
f p−11,µ · · · f
p−1
c,µ f
(
∑mc+1
j=1 σc+1j)(p−1)
c+1,µ · · · f
(
∑ms
j=1 σsj)(p−1)
s,µ /∈ (x
p
1, . . . , x
p
n)
in (B/µ)[x1, . . . , xn](x1,...,xn). By Lemma 1.5 (2), this is equivalent to saying that for
all powers q = pe of p,
f q−11,µ · · · f
q−1
c,µ f
(
∑mc+1
j=1 σc+1j)(q−1)
c+1,µ · · · f
(
∑ms
j=1 σsj)(q−1)
s,µ /∈ (x
q
1, . . . , x
q
n)
in (B/µ)[x1, . . . , xn](x1,...,xn). Applying the claim in the proof of Theorem 3.2, one
has
(I
[q]
X,µ : IX,µ)g
(q−1)/r
µ f
(
∑mc+1
j=1 σc+1j)(q−1)
c+1,µ · · · f
(
∑ms
j=1 σsj)(q−1)
s,µ /∈ (x
q
1, . . . , x
q
n)
in (B/µ)[x1, . . . , xn](x1,...,xn). Since
∑s
i=c+1
∑mi
j=1 σij = t and the image of gµ lies in
JX,µ, it follows from Lemma 1.5 (2) again that the pair
(
Xµ;
1
r
V (JX,µ) + tV (aµ)
)
is
sharply F -pure at 0. 
Remark 4.3. Using the same arguments as the proof of Theorem 4.1, we can prove the
following: let X = SpecK[x1, . . . , xn]/(f1, . . . , fc) be a normal complete intersection
over a field K of characteristic zero passing through the origin 0. Let Z ⊂ X
be a proper closed subscheme passing through 0 and fc+1, . . . , fs be a system of
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polynomials whose image generates the defining ideal IZ ⊆ OX of Z. We write
fi =
mi∑
j=1
uijx
a
(1)
ij
1 · · ·x
a
(n)
ij
n ∈ K[x1, . . . , xn]
(
(a
(1)
ij , . . . , a
(n)
ij ) ∈ Z
n
≥0 \ {0}, uij ∈ K
∗
)
for each i = 1, . . . , s, and set A to be the (n+ s)× (
∑s
i=1mi) matrix

a
(1)
11 . . . a
(1)
1m1 a
(1)
21 . . . a
(1)
2m2 a
(1)
31 . . . a
(1)
s1 . . . a
(1)
sms
...
. . .
...
...
. . .
...
...
...
. . .
...
a
(n)
11 . . . a
(n)
1m1
a
(n)
21 . . . a
(n)
2m2
a
(n)
31 . . . a
(n)
s1 . . . a
(n)
sms
1 . . . 1 0 . . . 0 0 . . . 0 . . . 0
1 . . . 1 0 . . . 0 . . . 0
1 . . . 0 . . . 0
...
...
0 0 . . . 0
1 . . . 1


.
Then we consider the following linear programming problem:
Maximize:
s∑
i=c+1
mi∑
j=1
σij
Subject to: A(σ11, . . . , σ1m1 , . . . , σs1, . . . , σsms)
T ≤ 1,
c∑
i=1
mi∑
j=1
σij = c,
σij ∈ Q≥0 for all i = 1, . . . , s and all j = 1, . . . , mi.
Assume that there exists an optimal solution σ = (σ11, . . . , σ1m1 , . . . , σs1, . . . , σsms)
such that AσT 6= Aσ′T for all other optimal solutions σ′ 6= σ. In addition, we assume
that X is log canonical at 0. Then the following hold:
(1) lct0(X,Z) is equal to the optimal value
∑s
i=c+1
∑mi
j=1 σij .
(2) Given any model of (X,Z) over a finitely generated Z-subalgebra B of K,
there exists a dense subset of closed points W ⊆ SpecB such that
lct0 (X ;Z) = fpt0 (Xµ;Zµ)
for all µ ∈ W .
In [28], Shibuta and the author showed that the assumption of Remark 4.3 is
satisfied if X = AnK and Z is a complete intersection binomial subscheme or a space
monomial curve (in the latter case, n = 3). However, in general, there exists a
binomial subscheme that does not satisfy the assumption.
Example 4.4. Let X = A6K = SpecK[x1, x2, x3, y1, y2, y3] be the affine 6-space over
a field K of characteristic zero and Z ⊆ X be the closed subscheme defined by the
binomials x1y2 − x2y1, x2y3 − x3y2 and x1y3 − x3y1. Then Z does not satisfy the
assumption of Remark 4.3. Indeed, lct0(X,Z) = 2 but the optimal value of the
linear programming problem in Remark 4.3 is equal to 3. Given a prime number p,
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let Xp = A
6
Fp
= SpecFp[x1, x2, x3, y1, y2, y3] and Zp ⊆ Xp be the reduction modulo p
of Z. Since fpt0(Xp, Zp) = 2 for all primes p, Conjecture 2.4 holds for this example.
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